Problem Sheet 3
Exercise 3.1.

Let (X;) be a collection of separable metric spaces. Prove that the infinite product II?°, Aj,
equipped with product topology, is separable.

Exercise 3.2.

Let (zy,) be a sequence in the metric space X, and = € X'. Prove that (z,) converges to z in X
if and only if the associated sequence of delta measures (¢, ) converges weakly to J,.

Exercise 3.3.

Let X be a separable metric space, and (u,) be a collection of (uniformly) tight probability
measures on X.

1. Show that there exists a subsequence (ji,, ) and a probability measure p on X such that (uy, )
is weakly convergent to .

2. Let £ > 0 and K be a compact set such that u, (X\K) < € for all n. Prove that u(X\K) < e.

Exercise 3.4.

Let X be a metric space and P(X) the space of probability measures on X'. Prove that limits
in the topology of weak convergence on X are unique.

Exercise 3.5.

Let X, Y be metric spaces and (i) a sequence in P(X), (v,) a sequence in IP()). Prove that
the sequence of product measures (u, @ vy,) is tight in P(X x Y) if and only if (u,) is tight in P(X)
and (vy,) is tight in P(Y).

Exercise 3.6.

Let (pn), u € P(R?) satisfy that for all continuous and compactly supported f : R — R,
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as n — 00. Assume in addition that the sequence (uy,) is tight. Prove that (u,) is weakly conver-
gent to .

Exercise 3.7.
Let X, ) be complete and separable metric spaces, (1) a sequence in P(X’) weakly convergent

to some p € P(X) and (v,) a sequence in P())) weakly convergent to some v € P()). Prove that
the sequence of product measures (u, ® v,) is weakly convergent to p ® v in P(X x )).



